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NOTATION

a A constant for the Beattie-bridgeman equation of state,
(see Table 1, Equation [1.8])

A A constant for the constant pressure heat capacity equation for the
ideal state (see Table 1)

A A constant for the Beattie-Bridgeman equation of state (see Table 1,
o Equation [1.8])

b A constant for the Beattie-Bridgeman equation of state (see Table 1,

Equation [1.8])

B A constant which characterizes the adiabatic compression of the
liquid

I A constant for the constant pressure heat capacity equation for the
ideal state (see Table 1)

B A constant for the Beattie-Bridgeman equation of state (see Table 1,

0 Equation (1.8])

c A constant for the Beattie-Bridgeman equation of state (see Table 1,
Equation [1.8])

co Sound speed in the undisturbed liquid

c Instantaneous specific constant pressure heat capacity of the gas
P inside the bubble

c Instantaneous specific constant pressure heat capacity of an ideal
P gas inside the bubble

c Instantaneous specific constant volume heat capacity of the gas
V inside the bubble
0

c° Instantaneous specific constant volume heat capacity of an ideal gas
inside the bubble

C Instantaneous isentropic sound speed in the liquid at the cavity
wall

SA constant for the constant pressure heat capacity equation for the
ideal state (see Table 1)

D A constant for the constant pressure heat capacity equation for the
ideal state, (see Table 1)

H Instantaneous specific enthalpy of the liquid at the cavity wall

n A constant which characterizes the adiabatic compression of the
liquid

p General liquid pressure

p. Pressure in the undisturbed liquid; ambient pressure

P Instantaneous pressure or the gas inside the sphere
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P0  Initial pressure of the gas inside the sphere

R Instantaneous radius of the imploding sphere

R The gas constant

R Initial radius of the imploding sphere

s Specific entropy of the gas inside the bubble

t Time

T Instantaneous temperature of the gas inside the bubble

u Instantaneous specific internal energy of the gas inside the bubble

U Instantaneous velocity of the bubble wall

v Instantaneous specific volume of the gas inside the bubble

v 0 Initial specific volume of the gas inside the bubble

c
Y Ratio of specific heats,-!p, for the gasc

v

p Liquid density

P. Density of the undisturbed liquid

v 7

• m F m I.



ABSTRACT

Two methods are presented for calculating the in-
stantaneous pressure, velocity, acceleration, and radius
associated with the collapse of a spherical gas-filled
cavity in an infinite compressible liquid. One is based
on the ideal gas law, the other is based on the Beattie-
Bridgeman equation of state for the gas inside the cavity.
In most cases the latter assumption must be restricted
to relatively mild implosions. The good agreement be-
tween the two methods serves to verify their validity.

Included are listings of the two Fortran IV computer
programs used to obtain numerical results of the analyses
based on the ideal and Beattie-Bridgeman gas models. The
influence of several different gases, initial internal
gas pressures, and liquids on the collapse is studied.
On the basis of explanations of the resulting behavior,
new methods of producing similar behavior are discussed.

ADMINISTRATIVE INFORMATION

This work wps funded under Deep Submergence Systems Project Office

Subproject S-4607, Task 11896.

INTRODUCTION

Due to their low density and high compressive strength under hydro-

static loading, spherical glass shells have a promising application in the

design of deep submergence vehicles.1,2 However, due to the nature of

fracture of glass shells, the underwater environment created by their

failure (implosion) at great depths is very similar to that of an underwater

explosion. Consequently, the effects of an imploding glass sphere on

neighboring objects, especially other hollow glass spheres, must be given

careful consideration if hollow glass spheres are ever to be at all suitable

for all-depth vehicles. Because the sequence of events associated with the

failure of a single glass sphure in a free liquid field can be very closely

represented by a gas bubble implosion, the latter is of primary interest.

In this paper, an extensive theoretical investigation of the free-field

implosion of a spherical gas-filled cavity in liquid is presented. This

paper is intended to supplement a previous paper on the subject. 3
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THEORY

EQUATIONS GOVERNING BUBBLE WALL
MOTION

Gilmore4 has derived an ordinary, second-order, nonlinear differ-
ential equation which relates the instantaneous pressure of the gas inside
a collapsing (nonmigrating) spherical cavity in an infinite compressible

liquid to the instantaneous radius of the cavity. Briefly, the equation
5

is obtained by employing the Kirkwood-Bethe hypotehsis and basic fluid

flow relations to solve the spherical wave equation. The details of the

derivation can be found in Gilmore's report.

If R represents the instantaneous radius of the cavity, P the in-

stantaneous pressure of its boundary, and t, time, Gilmore's equation is

dt2 C d 2 dt 3C

HI + dR + R d 1.i dLR

C is the local instantaneous isentropic sound speed in the liquid at the

cavity wall,

•P+B .•(n-l)/2n
c - C [1.21

and H is the local instantaneous specific enthalpy of the liquid at the

cavity wall,

n(p.+B) r/,B(n-l)/n [1.31
H * (n-l)p. 1 T) - 1][.

c., p., and p. denoted the sound speed, pressure, and density, respectively,

associated with the liquid when it is in the undisturbed state. B and n

are constants (for water B- 3,000 atmospheres, n = 7) in the formula:

n 
[1.4]

which closely fits the isentropic compression curve for the pressure p and

density P of zany liquids. (Except for very large or very small (cavitation)

2



bubbles, isentropic hypothesis for the liquid iq justified, because

the event occurs so quickly that there is little time for appreciable

heat exchange to take place.)

For t > 0, the pressure P of the liquid at the cavity wall will be

the same as the pressure of the gas inside the cavity provided the pressure

of the gas is uniform throughout the cavity and the effects of surface

tension and viscosity of the liquid are negligible.

The three Equations [1.11 to [1.3] establish one differential re-

lationship between R(t) and P(t). But this alone is not sufficient to

determine the behavior of the bubble, so another relationship is sought.

By assuming that the gas inside the bubble obeys some thermodynamic equation

of state and that the change in specific entropy across the bubble wall is

negligible throughout the collapse (for the same reason that an isentropic

process in the liquid was assumed), it is possible tc find two independent

relationships between the pressure, temperature, and specific volume

(proportional toTrR 3) of the gas. These two relationships, taken with

Equations [1.1] to [1.3] and appropriate initial conditions from a determinate

system of equations which can be solved numerically for the instantaneous

temperature, pressure, and specific volume associated with the gas inside

the cavity.

From a computational standpoint, the ideal gas law is an advantageous

choice for an equation of state. When an ideal gas behaves isentropically,
the two independent thermodynamic relations, i.e., the equation of state

and the equation which describes a zero entropy change, can be readily

combined to eliminate temperature from the calculations, i.e.,

PvY - consta t = P v ([.5J

where Y is the specifit heat ratio, empirically determint, for most gases,

and the subscript o ref,,rs to some initial state. SInce th,. specific

volume varies as the cube of the radius,

v 0 To

v
P can be determined directly as a function of R by eliminating (-2" be-

tween Equations [1.5] and [1.61, yielding

3
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A t hermodynami c Pequat ion tit s lato which i% more ovetirat e than t ho

ideal gas low for gases~ at high pr' surev , butt not quto oil x imple Io

apply in most cases4 i% the Otattio-hridgomon equation of %stot, In tho

case of nitrogen, for oxample, the Rattio~hridgeman otquation Io accurate

in the pressure range from one atmo-4phoro to 15,000 atmospheres, It xCept

near the critical point.

In this paper the behavior of a spherival gas-fillod bubble in it

compressible liquid will be determinod numericAlly by assuming that the

bubble wall obeys Uiquati.ons 11.11 to 11.31. that the gas Inside the bubble

obeys the Beat tie-Bridgemaii oquation of state, and that the expansion atid

compression process of the gas is isentropic (reversible and adiabatic).

Letting v, P. and T' represent specific volume, pressure, and

temperature, respectively, the Beattie-Bridgenian eitiuation is

Pv 2 . T v +H(It - -.)] (I - A T (I
v vT~

3 o
where A is the gas constant (- 0.73032 atm ft /miole R). I'he constants A 0,

B* a, b, and c, have been ompirically determnined for a large number of

gases. 9 0Values for some of these gases are listed in Table 1. Many

gases can be uniquely specified by these five constants so that the Beattie-

Bridgeman equation represents a family of equations.

If, during the collapse, no heat is exchanged between the gas and

the liquid, then each undergoes an isentropic prccess which det rmines a

mathematical relationship between v, P, and T. This relationship is inde-

pendent of the equation of state. Thermodynamically speaking, the change

in the specific entropy of the gas is zero,

ds -o [1.91
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(*) 2 11 .141
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The quantity (L)v can be calculated from thto Beattie..IBridgeman Equation
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Ca
v *aA 0 - 0  2T - t

TT
heB R

2 [. 16 f

*1`

*' A [ la.l ]

T 83

2cB A
Y - bB 0A + 3[1.16g]0 T3

* 2bcB A [l.16h]

T
3

and co is the specific constant pro: .. re heat capacity of the ideal state,
p

i.e.,

co k + 5T + LT 2 i [1.161]
p
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C Cti r dt V Cd/ 11

n-I

n-1

00 [1.61

Pv2 AT + B. (1 (~1 ( c - A. (1 [1.8]
IV v vT 3 v

c dT T(-~- dP [.s

c8ib
C C~ 3 2 [1.16]

(A ~ - 4 3 2~

ci=RT [1.16a]
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A +-B0 AT [I. 16b]

CD Ay• anAo - bBo AT----2-. 11uY a a - b A T _ 2 [ P . 16 c ]

bcS A
T2  

[1. 16d]

aA a (1.160]

0a * BA. 1 [(1.16f]
0 T 3

2c1BY'-, bBo0 T 3 09 Pl. 16g]
T3

2bcB .6" T -- o_ [1.16h]

c° 0 A + AT + CT2 + 15T3 [1.161]
P

THE INTEGRATION

In order to see more clearly how to solve the set of Equations [1.1]

to [1.16i], imagine reducing that system by means of substitution to three

equations.

The first equation can be obtained by substituting C (Equation [1.2]),

H (Equation [1.3]), and dH (Equation [1.3] differentiated with respect to

time) into Equation [1.1]. The equation resulting from these substitutions

is a relationship (actually Gilmore's bubble wall equation) between R, R,

R, P, and P which can be solved explicitly for R, i.e.,

Gu C (R, R, P, •) [2.1]

The second equation is Equation [1.8], the Beattie-Bridgeman equation0(T)
of state, after substituting v° for v (the substitution v = v )
is obtained by solving Equation [1.6] for v). This new relationship be-

tween P, R, and T can be solved explicitly for T, i.e.,

T - B(R,P) [2.2]

The third equation constrains the gas to behave isentropically. To

obtain it, first use Equations [1.16a] to [1.16i] in Equation [1.16] to

8



get Cp as a function of v and T. Next substitute c • c (vT) into

Equation [1.15]. Pinally, after carrying out the indicated partial dif-

ferentiation with the aid of Equation [1.8], replace v in this new equation

by v to get a differential relationship between P, R, T, i.e.,

cp(v(R),T) dT a T aT dP

where

dP - f (R, T, P)dT [2.3]

The three Equations [2.1], [2.2], and [2.3] represent, respectively,

Gilmore's bubble wall equation, the Beattie-Bridgeman equation of state.

and the condition of zero entropy change in the gas (ds a o). The functions

G, B, and f appearing in these equations, although very cumbersome, are

known functions of their respective variables.

The system of Equations [2.1] to [2.3] can be further simplified by

eliminating the variable T, temperature, between Equations (2.2] and [2.3],

T - B (R,P) [2.2]

dP = f (R,T,P)dT (2.3]

as follows: First replace T in f (R,T,P) by T = B (R,P), giving

dPV f (R,B(R,P),P)dT

= (R,P)dT [2.4]

Using Equation [2.2] again, dT can be found in terms of P, R, dP, and dR.

Recalling the chain rule,

Br dR +B JP [2.5]

where Lk and !-B are known functions whicii Ln be found in terms of P and R;

call these functions g and h, respectively.

Then

dT a g(R,P)dR + h (R,P) dP [2.61

Now use Equation [2.6], the value of dT, in Equation [2.4] the result being,

dP • g(R,P) *(R,P) dR+h (R,P) O(R,P)dP [2.7]

9



dP
Dividing Equation [2.7] by dt, gives an expression for ý-,

dp g(RRP) *(RP) d+ h(R,P) O(RP) dp

or using the dot convention to represent differentiation with respect to

time,

P= g(RP) *(R,P)R + h(R,P) .(R,P)P [2.8]

Solving Equation [2.8] for P, yields,

g(R,P) *(R,F)R
=1-h(R,P) O(R,P) [2.9]

Now Equations [2.9] and [2.1] are a set of simultaneous ordinary differential

equations in which R and P are the dependent variables and t is the inde-

pendent variable.

Conceptually, Equations [2.1] and [2.9] are much easier to solve than

Equations [1.1] to [1.6] because the former set of equations is a more

compact representation. The actual solution of Equations [1.1] to [1.16i]

need not involve a direct reduction by hand to the two Equations [2.1] and

[2.9], however. Instead, this reduction can be reserved for the computer,

but the reasoning behind such a reduction process is necessary in order to

code the solution of Equations [1.1] to [1.16i] for the computer.

The numerical integration procedure, the method of Hamming, used to

integrate Equations [2.1] and [2.9], applies only to systems of first order

ordinary differential equations. Equations [2.1] and [2.9] were therefore

modified by introducing the new variable U, where

Ru U [3.1]

Equations [2.1] and [2.9] then become, respectively,

U= G (R,U,P,P) [3.2]

and
g8(RP) Ob(e,P) U

1-h(R,P) O(R,P) [3.3]

By imposing appropriate initial conditions, Equations [3.1] to [3.3]

are numerically soluble by the method of Hamming. The general application

10



of this method is discussed thoroughly in "Mathematical Methods for Digital
13

Computers" by Ralston and Wilf and is summarized briefly in a previous

paper by the writer.

INITIAL CONDITIONS

When all the thermodynamic characteristics of the gas and liquid have

been determined, three initial conditions, R(O), UcO), and P(O), are

required for the solution of Equations [3.1] to [3.3]. The initial situation

is brought about by imagining that for all time prior to t = 0 there exists

an infinite expanse of compressible liquid uniformly compressed to some

pressure p., and that at time t = 0 there suddenly appears in this liquid

a nonpulsating spherical cavity of radius R(O) filled with some quantity of

gas under a pressure P . Such an artificially conceived situation leads too

some physically untenable consequences. For instance, if a point in the

liquid is chosen such that it lies on the bubble wall at t = 0, then the

pressure P at that point is
P t=0

0
P= for

p. t<0

By using Equations [1.1] to [1.3], Gilmore has shown that coincident with

the appearance of the bubble there will be a relatively small inward jump

in the velocity of the bubble wall, i.e., if an originally motionless gas-

filled sphere is to obey Equations [1.1] to [1.3] for all t > 0 then it

cannot suddenly appear without having an initial inward wall velocity at

the instant it does appear. The approximate value of this velocity jump,

R(O+ obtained from Equations [1.1] to (1.3] is (see Gilmore's report for

derivation)
Po - P.

U(O+) - R(0+) = p

Associated with this jump is, of course, an infinite instantaneous accel-

eration of the bubble wall. In an effort to avoid the initial infinite
P -p

acceleration, one may choose as the initial condition for U(O) and
P. C.

cl

11 x



solve Equations [3.1] to [3.3] using initial conditions at t = 0+ rather

than at t = 0. This is exactly the approach taken in this report, i.e.,

U(O) =uo+) U 0

THE EULERIAN VELOCITY AND PRESSURE
FIELDS IN THE LIQUID

Provided the Euleran velocity is considerably less than the sound

speed, an approximate method can be used to determine the Eulerian velocity

and pressure at any standoff (given distance from the center of the bubble)

in the liquid. The method was developed by Gilmore 4 and has been used and
3

discussed in a previous paper by the writer.

RESULTS

The equations appearing in the foregoing analysis have been coded

in Fortran IV for the IBM 7090 digital computer to determinn numerically

the behavior of an imploding gas bubble in liquid both when the gas obeys

the Beattie-Bridgeman equation of state and when the gas obeys the ideal

gas law. Compleoe Fortran IV listings of computer programs based on both

models can be found in Appendixes B and C. Data input instructions are

included. Bubble radius, velocity, and pressure time histories calculated

from these programs appear in Figures 1 to 13. Implosions involving several

types of gases at various ambient and initial internal pressures are

represented.

A comparison between the results obtained using the Beattie-

Bridgeman equation and those obtained using the ideal gas law is made in

Table 2. The influence which the kind of gas inside the bubble and its

initial pressure have upon the peak collapse pressure is sumarized in

Figures I and 2 for depths from 100 to 20,000 feet of water. The kind of

liquid which implodes on the gas nIso influences the peak collapse pressure

as shown by Figure 3.

All the results can be extended to cases for spheres of any radius.

Suppose that at depth h a solution exists for a sphere with initial radius

Ro. The radius, velocity, acceleration, and pressure are known functions

of time at the bubble wall and some ztandoff in the liquid. If the initial

12 (Text continued on page 27.)
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Figure 1 - Peak Internal Bubble Pressure as a Function
of Water Depth Showing the Trend in P0 for Various

Values of y
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Figure 1 (Continued)
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Figure I (Continued)
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Figure 2 - Peak Internal Bubble Pressure as a Function

of Water Depth Showing t~l Trend in y for Various
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Figure 2 (Continued)
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Figure 2 (Continued)
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Figure 2 (Continued)
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Figure 2 (Continued)
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Figure 3 -Peak Internal Bubble Pressure as a Function of
Water D'-pth Showing the Trend in n for Various Values of

B when P =1 atm and y =1.4

)U7

I-I AT

WATER MPTNM M 911T

V Figure 3a

24
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radius is multiplied by A = constant, then pressure and velocity will
remain the same if radius, time, and standoff are multiplied by A and

acceleration is divided by X.

DISCUSSION

Since the Beattie-Bridgeman equation accurately distinguishes be-
tween various types of gases, it provides a means for determining the in-
fluence which the type of gas originally inside the bubble has on the

collapse. In an effort to discover the nature of this influence, the
numerical analysis employing the Beattie-Bridgeman equation was carried
out for implosions of gas bubbles filled with argon, neon, helium, nitrogen,
ammonia, methane, propane, and butane. In each case the liquid was water,
the initial sphere radius was 1.5 inches, and the initial internal gas
pressure was 14.7 psi. It can be seen from Table 1 or 2 that these gases
represent values of Y ranging from 1.668 to 1.094. Results for argon,

nitrogen, anu butane are shown in Figures 4 to 7 for depths of 100, 500,
1000 and 3000 feet of water. Peak internal gas bubble pressures are given

in Table 2.
Unfortunately, the extent to which an analysis of this kind can be

carried is seriously limited. Although the thermodynamic equations, the
Beattie-Bridgeman equation, and the constant pressure heat capacity equation
of the ideal state, are representative of gases at very high temperatures
and pressures, these are quite often not as high as the values reached in
the final stages of gas bubble implosions. The range of applicability of
the thermodynamic equations depends upon the constants given for eac& par-
ticular gas (Table 1). Nitrogen, for which the equations are applicable
for pressures up to 15,000 atm, is the exception rather than the rule. For
example, the pressures and temperatures developed inside a gas bubble during
the final stages of collapse at a water depth of 500 feet lie outside the
range of applicability of the Beattie-Bridgeman equation when the bubbie
contains butane, propane, methane, or ammonia. At a depth of 1000 feet

the thermodynamic equations are applicable only to the bubble containing
nitrogen. In addition to not being applicable at very high temperatures and

pressure3 , the Beattie-Bridgeman uquation does not hold near the critical
point. In none of the cases studied, howtver, was the critical point reached.
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Nevertheless, even at relatively shallow depths, it is clear from

Figures 4 and 5 and Table 2 that the type of gas upon which the liquid im-

plodes significantly affects the pressure developed during the final stages

of implosion. Moreover, at each depth, the peak gas pressure developed in-

side the bubble is a monotone decreasing function of the value of Y for the

gas. In fact, this phenomenon is so well characterized by the value of Y,

that the behavior of an argon (Y = 1.668) gas bubble implosion, described

by the Beattie-Bridgenan model, is essentially indistinguishable from that

of a neon (Y - 1.667) or a helium (Y = 1.667) implosion under the same

circumstances even though there are large differences among the Beattie-

Bridgeman constants for these gases. Aside from the practical significance,

this suggests that the ideal gas law for adiabatic behavior can be used to

determine the influence of different gases on the peak pressure of collapse.

As can be seen from Table 2, the ideal gas law agrees quite well with the

Beattie-Bridgeman equation in describing the behavior cf gases inside im-

ploding bubbles in liquid.

The ideal gas model was used not only to study the same implosions

studied by means of the Beattie-Bridgeman model, but also to extend the

results obtained with the Beattie-Bridgeman model at low depths to greater

depths. Excluding compressibility charts, the ideal gas law is the only

practical means of establishing an equation of state for gases at those

temperatures and pressures developed during implosions at great depths.

The ideal gas model can be used to extend results to 30,000 feet, but it

should be noted that these results are purely hypothetical for many gases.

Beyond those depths at which the Beattie-Bridgeman model (with constants

given in Table 1) can be applied, chemical reactions such as dissociatiop

and ionization (which violate the condition of zero entropy change inside

the bubble) may be expected to have significant effects on the collapse.

The information summarized in Figures 1 and 2 is based on ideal gas be-

havior. A more detailed description of the effect of initial internal

pressure at depths of 1000 and 10,000 feet is given in Figures 8 and
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9 for nitrogen and initial gas pressures of 1 and 5 atmospheres. Likewise,

for an initial internal pressure of 1 atmosphere, a more detailed description

of the influence which the kind of gas inside the bubble exerts on the peak

collapse pressure is given for argon and nitrogen in Figures 10 and 11 for

water depths of 1000 and 10,000 feet.

The relationship between Y and the peak pressure developed in the

gas bubble during collapse can be roughly explained in terms of the adia-

batic compressibility of gases (the fractional change in volume of a gas

in a reversible adiabatic compression). For any gas, the adiabatic com-

pressibility is defined as

v s

If, for simplicity, ideal behavior (and constant Y) is assumed, then

Pv¥ = constant

for an adiabatic process. From this

1 dv 1 v\ 1

vdP V a \P/ Py

Thus the compressibility of a gas undergoing a reversible adiabatic process,

such as a gas bubble collaps is inversely proportional to the value of Y

associated with the gas. Note that it is also inversely proportional to

the pressure of the gas. It follows that during the implosion those gases

with relatively large values of Y are less compressible than those with

The liquid overpressures plotted in Figures 9, 11, and 13 appear to
have superimposed upon them a cry sharp spike near their peaks. Similar
sharp spikes appear in the corresponding Eulerian velocity plot. The
spikes are actually not spikes, but points at which the pressures and

velocities are multivalued. As Gilmore4 has explained, these multivalues
result from the catching up and overtaking of characteristics with other
characteristics which originated earlier at the bubble wall. The different
speeds of propagation of the characteristics are due to the changing sonic
velocity of the liquid.
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relatively small values, at the same pressure. At any given pressure, the

relatively incompressible gases (neon, argon, helium) offer more resistance

to the inrushing liquid than do the relatively compressible gases (butane,

propane). This added resistance is offered by the relatively incompressible

gases not only in the final stages of collapse, but also in the early and

intermediate stages when even a very small decrease in the velocity of the

inrushing liquid can greatly reduce the momentum, and thereby the pressure,

in the final stage. Because of the nature of the mechanism described above,

the peak collapse pressure can be reduced by increasing the value of y, or,

according to the idealized equation for adiabatic compressibility, by in-

creasing the initial internal pressure of the gas inside the sphere.

It has so far been verified that a small decrease in the compressi-

bility of the substance inside the bubble can bring about a considerable

decrease in the peak pressure of collapse in water. This suggests a simple

solution of the sympathetic implosion problem in which the liquid pressure

field generated by the collapse of one glass sphere causes the failure and

subsequent collapse of neighboring glass spheres. A solution would be to

fill the spheres with a substance which is more incompressible than any

gas. At the same time it is desirable to obtain maximum buoyancy so that

the density of this substance should be at least comparable to that of

gases. Unfortunately, no such substance exists. All solids and liquids

are at least several orders of magnitude denser than gases. Thus, because

of minimum buoyancy considerations, it is difficult to justify glass buoyancy

spheres filled with anything other than a gas, unless weight compensation

is provided by imbedding the spheres in a suitable material considerably

lighter than water.

It is theoretically possible to decrease the peak pressure by a

method other than that discussed above. This scheme utilizes the changing

pressure and temperature inside the collapsing bubble to produce a chemical

reaction involving gases. The gaseous reaction products would indirectly

decrease the compressibility of the gas mixture by directly increasing the

pressure in one, or a combination, of the following two ways:

1. Heat may be a product of the reaction. Since no heat "s exchanged

between the liquid and the gas mixture during collapse all of the heat

energy generated by the reaction would go into raising the temperature of
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the gas mixture above that to which it would normally be raised by com-

pression alone. If the number of moles of product equals the number of

moles of reactant, and if the behavior of the mixture roughly follows the

ideal gas law

Pv = nRT

then the increase in temperature must be ;ccompanied by an increase in

pressure (and a slight increase in volume) to a value above that which it

would assume if there were no reaction.

2. The total number of mole. of the reacting gases may be less than

the total number of moles of gases produced. The net result would be an

increase in the total number of moles of gas mixture. Assuming that the

heat of reaction is very small, and that the mixture does not deviate

significantly from ideal behavior, i.e., if again

Pv = nRT

then the increase in the total number of moles of mixture must be accom-

panied by an increase in pressure (and a slight increase in volume) to a

v~lue above that which it would assume if there were no reaction.

During an actual chemical reaction in which all reactants and

products are gases confined as in the bubble, the liberation or absorption

of heat and the increase or decrease in the total number of moles of

mixture generally occur simultaneously and tend to oppose each other to

maintain constant pressure as the reaction proceeds. It is unlikely, how-

ever, that exactly constant pressure can be maintained. Inside an imploding

gas bubble the net result of a chemicai reaction may serve either to in-

crease or decrease the pressutre above or below that whi-h it would normally

be in the absence of a reaction. The reaction can then be favorable or

unfavorable in arresting the collapse.

All possible types of such chemical reactions 'all into two cate-

gories: reactions which proceed immediately (possiblv explosively, to com

pletion, and equilibrium reoctions in which the cxtent to which the reaction

proceeds is usually determined by nie temperature and pressur, (f the

mixture of reactants and products. It would appear at first that equilibrium

reactions have a great advantage over explo•ive rvactions. Sinca ln rx-

plosion inside an imploding bubble would necessarily be triggerd hy tht,
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stant, and iT t for o, and t respectively in lEquations [11. 1 (1.3]. Noting

that C- becomes c / fT. the substitutions leave Equation [1.1] unchanged.

The influence which Bi and n have on the peak collapse pressure are sumnmarized

in Figure 3 in which the peak collapse pressure% are plotted as functions

of Water depth (i.e., ambient pressure determined in every case by multi-

plying depth by the density of water). The influences of 1 and n are not

"nearly as pronounced as those of ' and P (Figures 1 and 2), the specific
0

heat ratio and initial internal pressure of the gas inside the sphere, re-

spectively. It appearE that decreases in the values of B and n result in

decreased peak internal bubble pressures.

A rough explanation, similar to that made for gases, can be made

for the behavior summarized in Figure 3. It is again based on adiabatic

compressibility, thiq time for the liquid. The adiabatic compressibility,

defined as
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In ordor to illustrate the above, A comPAtll sin ma be ilade betwelel

two I iquids of equal density, one (if which is con:-,derably more compress ible

than t he other. Shortly after the beginning of the collIapse the velocity

of the liquid at the iOubble waill for a compressibhle liquid is about the

same a,4 that for an incompressible liquid. Further away from the wall,

however, the particle velocity of I compressible liquid will be less than

that of ati incompressible liquid. Moreover, at ia given time a greater

volume of liquid will be in motion If the liquid is incompressible. In

fact, the liquid at a distance of about c t from the bubble center (t being

time beginning at the instant of collapse) will be in motion; the incom-

pressible liquid has a larger value of c_ than does the compressible liquid.

As a result, the total momentum of the inrushirig liquid will be higher for

incompressible liquids than for compre.s,•ihle liquids at the same instant in

time. As timp increases, the velocity of the incompressible liquid becomes

increasingly greater than that of the compressible liquid at the same dis-

tance from the center of the bubble. In addition, increasingly more liquid

is set into motion. The result is that the total momentum of the inrushing

liquid is increasingly greater for the incompressible liquid up to bubble

minimum. The difference in the final momenta of the two liquids at the

bubble w•all influences the difference in peak internal oubble pressures.
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SUMMARHY AND CONC:L.USIONS

1. A complete set of equations has been derived for the isentropic behavior

of a Beattie-Bridgeman gas.

A2 A Fortran IV computer program has been coded (-ve Appendix C) for the

IBM 7091) digital computer to determine the behavior of a collapsing gas

bubble in liquid when the gas obeys the ideal gas law.

3. A Fortran IV computer program has been coded (see Appendix B) for the

IBM 7090 digital computer to determine the behavior of a collapsing gas

bubble in liquid when the gas obeys the Beattie-Bridgeman equation of state.

4. Results of Items 2 and/or 3 indicate that:

a. the ideal gas law provides a reasonably accurate description of the

gas inside a collapsing bubble.

b. increasing the initial internal pressure of the gas inside the

bubble effectively decreases the peak collapse pressure.

c. increasing the value of y of the gas inside the bubble effectively

decreases the peak collapse pressure.

d. decreasing the values of B and n in the equation for isentropic

compression of the liquid (Equation 1.4) decreases the peak collapse pressure

somewhat. Figures 12 and 13 demonstrate the extent to which the peak

collapse pressure can be reduced simply by filling the spheres with argon

at 10 atmospheres instead of air at I atmosphere. Detailed comparisons are

made at water depths of 1000 and 10,000 feet.
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S. 'fho results listed in 4 verify thit the peak pressure assocititod with a

gas bubble collapse In liquid can he decreased by decreasing the adiab.:itlc

compressibility of the gas inside the bubble and/or increasing the adiabatic

compressibility of" the liquid in which the bubble is immorsed.

6. Tentative calculations indicate that chemical reactions might be utilized

to achieve the effect described in Item S.
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APPENDIX A

DETERMINATION OF AN EXPRESSION FOR c Cc (v,T) FOR A
pp

GAS WHICH OBEYS THE BEATTIE-BRIDGEMAN EQUATION OF STATE

To perform the derivation in an orderly manner it is first necessary

to determine three fundamental relations between c and c arid P, v, and T.

These relations and their derivatives can be found in the references. 1 1 ,1 4

Relationship 1: For any gas, T

(v T 3

which can be derived as follows. The definition of c is
T S ~ v

cv -T0

By differentiating this equation with respect to v and holding T constant

there results

(ify) =j)

The variable s is assumed to be at least a class II function (continuous

with continuous derivatives up to and including second order) with respect

to the variables T and v so that the order of differentiation may be inter-

changed.

(v-iT T  v) T]

Using the well-known Maxwell relation

/i lap~
\RV) -aT)T v

in the previous expression yields

T ' T N\-T Tv I
47 v
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Relationship 2: For any gas,

Cp- cv T. jav

p' ' k-T/r v

as demonstrated below. Assume that

s = s (T,v)

By the chain rule

ds= dT + dv-s-aT)v v)T dv

Dividing by dT and holding P constant gives

/as\ -is\ ( as\ lav\
\a/ "I vT\ kT )P

Multiplying through by T gives

T T ( as\ + / as \ Iav\

Pv T

This equation can be rewritten as

c c c+T(.A /a\Iv

by virtue of the definitions

P P

Cv =T 3(..)

V

Finally, use of the Maxwell relation

k;-T ý T)v

gives
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Iavý I an\
C -c =Ti-i -
p v k_5r T)p v P v .

Relationship 3: For an ideal gas -

0 0 -c -c
p v

This can easily be shown by employing Relationship 2 and the equation of

state for an ideal gas

Pv = RT

Substitution of the value

Pv

and the derivatives

Gv -\---( T p

into Relationship 2 yields

The superscript o indicates that the variables refer to the idea! state.
IV'-

Now an explicit expression for a- ) can be determined by sub-G Vv "/T

stitution of the Beattie-Bridgeman equation of state [1.8] into Relation-

ship 1, yielding

/v) TO" TY" T6"

bV- V )T=v2+V3 V _

where

o 6cR

T" 4



6cB
y" T 4 0~

6bcB

This equation can be integrated from v = (P = 0) to v = v along a path of

constant temperature (note that 8", y", and 61" are all functions of tem-

perature only).

J -/ dv = [c (v,T)]v=v - [Cv(VT)]v=.

B[ T T - " T1 v=v
2v 3v31

or

c,!(v,T) - [c (vT)]= T + +• ~2v2 -3v-

As the pressure approaches zero (volume approaches infinity) the properties

of a real gas become less distinguishable from those of an ideal gas in the

same state; in the limit, the corresponding properties are the same. If

c (T) is the specific. constant volume heat capacity of the ideal state,
then

[Cv(vT) v=_ = c°MT) = C0SV V

It is understood that co, by definition of ideal state, depends on tem-

perature exclusively. Then

c _ • 0
v v 2v 3

Substitution into Relationship 3,

V P
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gives

c o T• +" Y " of
v C 2

This expression for cv can be substituted into Relationship 2 after Re-

lationship 2 has been evaluated for a gas obeying the Beattie-Bridgeman

equation. The final expression is the one which appears in the text.

I
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69FORMAT(..%'/VX,I2Mf THE TMERMCIDYNAMIC STATE Of THE GAS MAY BE TOC CL

JOSE TC ro-E CRITICAL REGION V-ow #ME OFATTIE-SRIOGEMAN EQUATION TO 9

21ý VALID

75 CONKTIU-.

CALL SPAff(AC*YToCY)
RED5.TB 1T ITLE(I) ST ITLE( 2) .BIITLE( 3) ,RTJTLE(4) .STITLE (5) BTIrLE

I(6) .MTI rLE(T).Mr ITLlk(8)

76 FORMATIl A6)
R~EAn)(5.7f,)TtTLEX(I).TITLEX(2).TITLEX(3)gTITLEX(4),TIV..Eg~b).TITLEV

1(1),fTILr-V(2).TITLEV(3),TITLEV(14).TITLEV(5)

CALL 6PLCT(CSCAL,. 1,,d.O.EL.XQ.Oo.,.YT~flx.OY)
CALL SPACE(Y2"AX*YT9DYT)

Y2001 N=-Y ie0 IN

CALL SP'ACE( Y2MIAPYES,0YU)

OYB-YSx~yvy.

)Y. :AV xI( YFO
REAo(S.76ý)TITLEv( I).TITLEV(2)oT.!TLEV(3).TITLiFV(4).TITLEV(5)

CALL GPLCT (SCALF%2,NO.XL.XI~.YS.YT.OXcIy)

CALL SPACE(Y30'Ax.YT.DY)

NEAUt 5. 7)TITLEV( 1).TITLEV( 2,eT ITLFV( 3).T TLIFV(4) ,TITLE V(5)
CALL GFitt(SCAL...,39N.O.EL.XrlO.v.YT.DXDY)

CALL SPACI!(IeMAE.YI.OY)
REAr)(5./6)TITL~tV 1).T(ITLEV(2).TITLEV(3).TIILEV(4).TItLEV(S)

DC 791 tCL-1,N

791 YYtN-KL.cý)xZ(KVL)
CALL GPLCT(£ CALL.94.'4,0,EL.Xfl.0.. *YT,OE.DYI

YAm INC,.')

V4A MA ,

YSMID.Ju .11

YSMPAXsf,.

104 00 99 IslqN

1)/,e(.U*OL*C**2)102.k,736E4

AK3xC**-..yK*,2*YY(I.1)**2*YYII.?)*(1.0-YY(1.2)A*2/(2.O*C.**21)

YyY(I*)zyK/(C*STF),XK3*YK9*02(C**39STF*.2)*(1.0-YK,#(STP*(L**2)A(XK3
10*21(2. *C**4;)O(YK**A.'f(STF*0A*CS*4)))
YY(I~.SlCL*£yK/.,rv-yY(I.4)0*2,2.0),42.o?36Ee.OL,4(2.*0c..2)e(YK..'STF-
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IF(YY(I,,).LT.Y4VAX)Gf to go)
Y4UWAXnYY( 1.o4

96 IF(YY(I*m4)*GT*Y40IN)GO To G?
YAMI1N=Yf( 1.94)

Y5AIAXaYYV(I1.5
98 IF(YY1Is5).GT.Y.,NENh)GO TO 99

99 CCKTINU-
C IF HI*Ml PROCRAM IS 6EING REPRODUCE0 AND USED ON A COMPUTER FACILITY
C OTHER THAN Tf-AT AT N.S.ReC.C* ELIMINATE ALL CAAGS OFGINNIK.G %ITH THE
C 14EXT UP TL. OUT' NOI INCLUDING. TI-F CARD CONTAINING STATEMENT N~O. 108

TF(IL)EN'*EC*1)GO TO 108
CALI. SPACE(XX(K~) .XR, CX)
OXCŽ .U*Ox
CALL. SPACE(Y4MA~sYT*OYT)
Y4MI Nu-Y4WIN
CALL SPACE(Y40IN.Y89OYS)

DYzAM..Xi ICYT.OYo)
'4Eti)il,t.)1TLEV(1).T!TLEV(2).TITLV,/(3).TITLEV(4),TlTLEV(5~t
CALL GI'LrT(6CALer,eN.O.XL.XR.'rS.YT.oX.OY I
CALL SPA(.E(YSMAX*YT*OYT)
Y500 Nm-Y: WIN
CALL SM'ACE (Y511N.YHOY8)

L)Y=AV~AXi (CYBgOVI)
aEAO)(5.I()TITLEv(l).TtITLEV(2).TlTLEV(:J).TITLFv(4).TITLEv(5)
CALL GPL.T (SCAL!.*S.N.O.XL.XH. YHYT.DX,OYI
IF(IE)FN.,O.2)GC TO 2

106 WQITEI6,13l?)STF
13? FORAAr(Il-I////2ýX*AIIIEULERIAN VI-LOCITY ANDO VERPRtESSURE IN THE//ZI

IX.24e4 tICUID AT A STANDOFF OFoFT*29?I4 INCMESiI-//I8X.AHTIME.9X.IHEI
ZttE1IIAN. W.EECC IT Y s6X 9 I2IOVERPR C SUE/ II3X 91I4H 141LL ISECOND S) .3 X s1HI I
iNc,<t~ PEP S~lCrflt.w4K. SH(LeS PEIE SO IN)///')
VA IT c C, * 39? X( ECI * Y (1 * ) ,YY (I * S) *IwIN)

2 CrjT tht)
999 S TOP'

$114FTC BA.4Fl11 IvCnCK.¶.Lt,

SUBROUTT.Ni: 0AAHRA( ALFA *BETA, GAMMA DEL TA90ALFA sDBETA UGAWMA ODELTA.

CCONMM&JA--Iiý,PL.O.OL.EN.9C.Ci)CA.CPNHC"*PC.CPMCD.S8$AS.8.,RC..BAC

ALIF An R"# I' & p

I:L1ETAsk-ijflthC Ifi'd(RG/ frP$.C.*rpPl,

0ALF wl?

1W Tufl?.
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SIMt, I( W TI 001 I NU (t K *'.I I:
%IN(. I It, 4 MT I Up No V. tb

I000K0 t~gi it*' oft 0o P *g' i ot e( )4L .1Ocot1 0 4

It~o pKgh ,t~I

It)o Iti - t o%
10 ItPIAP- Of 1~ 0 ,11141* ) -IUVMI'SI. )*ItOW6 )I0@.OOVO t01 1,kl 0* t001A

I i *O~It tn' 0V@IV$w"i v-41nýVI
lOG Y 00~N . 1.11T IfO 01144IP0 Iloo si #1" k

k 0- o #I i

A0 0 t- ~ u. 004,

10 .ONIhAV*.CE I A)

I!tPT NCI~ NCkCK'

FN t 11'0% KcCV011LIv s IsALPAs 141TAs GAMM Ao)L sUL FA *flALFA.ORFTA.0bAhA .011ýF

I Met Ao

WEI U81 0

C0EFa(,AP0DPT#VflA1NAV*.,0!LAV*3TPD
ICEF1"C .
TsAFA/t4.V(LA/t.S1TO?,.* A M ,VS3CODLAV*
P1 4.I*-)M ~ e 0ac" OOJ -1OCO

%l0 teBA/11

FP(T 1*ttPks NC.-isV * 04 **" ~ ~ Ts )T

I * G) 01114OFI.A,( 440 o*6Vo



aw ~ ~ ~ 10 *111' I0 I'r ade

who

of ULC64 v1ArkIIv1414196

of "L N V. c- *

It, low e u r.41icp 4 ,o
I PIni re #,too on u i n 1 14

tic IU 4.1

xmfog".4au %ost I-IV)

4hC TI I I

3 1 Omni i-10

Jots R~ *.c',, t IC-II

IPuIAPLl*?Ulac ITO 136

6C IUL IV Io. I c
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Fir ep a k It 11 , 11% 1 v i ame, n1ttormat Itill muit hti re ad t1i fil dat a v a'rd a

lit the followinig wayt

Cola 1-10 cullopso depth In teet of water, PIt). 4

Cola 11420 initial *phero radius in inches, P10,4

Colo 21-30 tnitial intern'al ;a* prealure in pot, P10,4

Colo 31.40 initial temperature In delroeo Ranlkine, 110,4

Cola 41-50 the leattieo-rtdgeman conatant A0 in - P10,4
molo

Cola 51-70 the 5vattle-Bridgemani constant 8a in T, Fi.4

3
Cola 71-70 the Beattie-Bridieman constant b In No#, F10,4

Cola 1-15 the Beattie-Bridgemmn constant c In F1 R14

mole

Cola 16-25 A, the first constant in the ideal constant FIO.4
pressure heat capacity equation,

Cola 26-40 I, the second constant in the ideal constant HIS.4
pressure heat capacity equation,

Cola 41.SS C, the third constant in the ideal constant P!5.4
pressure heat capacity equation,

Cola S6-70 0, the fourth constant in the ideal constant EIS.4
pressurt heat capacity equation,

Cola 71-80 the name of the gas inside the sphere.

Cord 3

Cola 1. 9 blank.

Col 10 1, 2, or 3 if plotting routine is incorporated in
progrm; otherwise, blank.

1 for printed output only.

2 for plots only.

3 for printed and plotted output.
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Ctols Ii-Jt thle tandoff ii invthes, IN 0

Col. J6-40 the crittica proasure of the gas ill pait I'I?,,

Cola 41-55 the c'ritical temperature of the Sam in FISA
degrees Rankine,

ft,
Cola 50.70 the critical volume of the gas Il ft P1.5

Cards 4 through 10 contain graph labels. It no plot% are desired

(i.e., it the number appearing in Col 10 of Card 2 to 1) or if

the program is not being used at NSRDC, then tiese cards must not

he included in the data,

Cole 1-48 Main graph title for all graph*,

Card 5
Cola 1-30 Horizontal graph label for all graph&

(time in milliseconds),

Colt 31-60 Vertical label for radius-time curve
(radius in inches).

Card 6

Coll 1-3c Vertical label for wall velocity-time curve
(wall velocity in inches per second).

Card 7

Cola 1-30 Vertical label for bubble wall pressure-tinse curve
(wall pressure in psi).

Card 8

Cola 1-30 Vertical label for migration-time, curve
(migration in inches).

Card 9

Cola 1-30 Vertical label for Eulerian velocity-time curve at the
standoff given on Card 3 in Cols 11-25
(Hulerian velocity in in/•ec).

Card 10

Cola 1-30 Vertical label for ovtrpressure-time curve at the
standoff given on Card 3 in Cola 11-25

(overpressure in psi).
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I'No 'dlank v'ardlt in suIccio otop the c.umputor. litch caso roqut ri' noi

mnre thin 4 vttnutox rwinnng timo.
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APPENDIX C

COMPLTFR PROGRAM BASED ON THE IDEAL GAS LAW

The computor program RU02 has been coded in Fortran IV to determine

numerically the behavior of a collapsing gas filled cavity in liqvid when

the gas obeys the ideal gas law. The program is listed on the following

pages. A Fortran IV or a binary dock is obtainable in the same way as a

deck for RU03; either through the NSRDC Applied Mathematics Laboratory, or

by means of the listing and instruction coment cards therein. If the

program, as listed, is run on the NSRDC computer facility, then no option

between printed and plotted output is available. Output is always both

printed and plotted because the plotted output may be in error. The
numbers labelling the vertical axis can have no more than 6 digits, other-

wise digits are dropped from the right hand side of the numbers. Since the

pressures can be expected to exceed one million psi, it is advisable to

check the printed out-put against the plots.
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SISPYC RU32

g If Tti4I EK14.RAM 11al ~ tIyjQj
C OTHER~ THAN THAT AT Ne4.Ro~eCo WL1INATC. THL NEXY ..AKU

C QIIMENLIONS (iF OLSIF RLkjs-AEC#!. 2i**4
PA. 14.

I FORMATISF12olsfB.5/3E15.51

111.0

CLuCREFOI IPL4SI/(PA.8i l**(I IN-R.0)/(Z.0*EN))

U~wfPO-%M)/06#'CL)
Sm.02071a *SURT(DLI*PO**( 1.U/3.0)ONUPLý*0. ;*(/692)

C INITIAL VALUES

H~mEN*(PL+B5iIIDL*I EN-1.0)l*((IPU4.dh/PL.~TiTiiT00ftETT100

DDftOa-UO**2i(2.0*fOR)(*3U*CO-UQ/lcQ-uo)4.HQ*(COLJOI/(kp*Ico-uofl+
WDHOMC
j~g2!.*IEN-1.0)*DPO/IZ.0*EN*(PL~bII*((OL~b/I(PU4~s)I*e((EN41.0)/2.0

DbPOu3.000*PO/RO*E UO**?*I 3.O*G*1.O)/HO-DDHO) ___

'bDHOmDDPOIDL*t (PL.8)/( PO+U) )**(190/ENl)I)PO**2/(i.N*DL*IPL+b)i*I (PL+

DOOKUZO*UuDok/Ru(Uu-i u*cu) / (CO-UU I4.5IUR* I &UI4%-DOc) U-Z =+
IUO**2/12.O*RQ)*( DOR(G-) 1*)COI/(CU-UOI+QNO/NHi*((.O+UU)/(C(I-UO)eHO/RLU
2*IDCO+DDRO) /tCO-UOI +DHQ/CUO (tCO-DDN(O) /(CO-L'IQ+( IUU*DHU+ItO*DDIIU )*-CU
J,-R0O*QODCO)/IRO*Co**.2

.2BC/IO4B))*(fEN41.O)*(EN .0U*EIIP*2(9*N(3~b)**(L6/P
1.D.*(9m3.O*(i*P(J)/RO2t3.*(3.(JC*LjI()-*0*DL)Ru/O.(3.0tN(i6+b.)*(3.P*+

11.01 *UO**3/RO**2-DDODRO
DDD!4QuPDDPOIRL*IIPL.8h/(PO+I3))**h1.0/LN3-3.0*DPU*IoOPO/-IEN*cL*IPL+&b
l3)*(fPL+B)/(PO.d)I**((N.1.O)/ENI+UPO**3*IIN+1.O)/IEN**2*UL*IPL+U)

DODn'ROu e*ODR*2-o*DO**U-**UUUQCQUQU*Uu
12CO) /110*(cO-UO) )+( 3.p*~*DQ*OHkU-UkU*L)CU..2.0*DDUIRU*OCU)/ (Ci..-UU)
2Z43**O*2DD4 lo*U*2D +UH*U2 O* eI)Cu+HO*UIDCO3/ (RU*
31(0-UQI).+(HO*DDDRO*3.O*UDDU*OHO+3.0*UU*DDHU+RO*DOOHO / (IW*(CU-UU) I
4-I 3.0*UO*DDRO*DHO+2.0*UO**2*DDHO+2.0*RU*DI)HO*ODHO+RC*UO*UL)IHO+RO*D
-SDORO*DHO) /IRO*CO*(CO-UOD )+(2.U*UU**2*khU*p(.p+200*t.*DURQ*DHQ*L)C +
62.0*ROeUO*DDHO*DCO+:RO*UO*DHO*DDCO)/ CHO*CO**2*( CO-UO) )-2.0*UO*OHO*D
7gQ**21(IC0**3*l(C0-Up ))
DDDCOmCL*(EN-1.0)*(EN+1.U)*I3.O*kN+1.OI*DPO**3/(2.OOENl*(IJL+b3)**3*
liIPL48) IPO+B)i)**115e0*EN+1.QI/(2.0*EN))-3.O*CL*(EN-1.O)*(EN+1.Q)*
ZDPO.DDPO/IZ.O*EN*IPL+p))**2*I IPL+a)/(P(.+B)H**I I3.(*EN.1.0)/(2oU*LN

4o0*EN)l

13.0*I3.0#(G+1e0)*DURO**2/RU-DOUNO+3.O*I3.O*(i+1.UI*I3.*0*b+2.Ol*I(j+l
2.O)*UO**4/RO**3+49O*13.U*G+1.O)*UU*ODDURU/k(O

1**2)/IEN*DL*(PL+BI J*( IPL+U)/(PO+b) 3**( (LN+1.O3/Lt4)+6.O*(EN+1.03*UP
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4*4 (3*0*EN+1*0h/EMu

ODDODUQu 4-1.I*QODRO*I)OORO*CQ-12 .p*U WU*e2.D(.Q.-4.pOyu*UPURU*CU-1j .0
1*UO*DDDRO*DCU- 12 .*U0*DDRU*&)OCO-3 0W*DDOLC-30R*DNOU

5&*Q*D"03O*DU*IZUM/0I 40*U*O9  U*kaov~ *uu*Luiiql,,o

9 0* 0 *2*DMO*DDCOICO**2-6.0*UO**2*0"*DCO**2/Co**3,3,*QRO*UD4UR*grn0

3Dpr#fJiCp**2-A&0*ROp.U*A'HU*DCp*DDLUCp*.3.,.& .&RD*UU*DNO*DCO**3/CU**4
4-RO*DDDDRQ*DNO/CO)/4 RO*(4CO-U)I)

DO 10 k8u164
YY*IlI. 1nRQ+u0*TDDUR0*T*O/2.0+T*oUk*TO*.2,a~oT***zDoDoU.(UT**24
1.0 +T**3*DDDDUG*TI**/120*0
YYII g2)uU0+DpRO*T+RDDoR2*T**2/2.0+T*UDDDRQ*T**p4.o,+T~e**ooooDUOo**
12/24.0

CAL AE(Y(o YY( 1.2:.YYII,3) ,Y4 I ,4))

BluYYj4,1I
U1UYY( 1.2)__________ _____

U3aYY1391)

U4.YYI4,2)
DUZOYY(2#2rt
USB~YY4Z392

C~U40Y42

RU30YY4393

POUPQ*RODD)*(3Qe~
CAL CEL00.O0DO.PO

250 UPu59.*UIC5/2.

DwRP5uD5Ii.0*fRP5-UD 1121.0
*ODUr4.L.ZIM3 TO 23300 -

CCALL ACTERVAL PROCDURED*OD

05o~oOR4R2+*G**(OD+*0*4-3)69o



4.00 SwSe*2oU
__R4M.IwH*( 89o.CiO+135. O*R3+4W90 *jjjl)125yj+S*.1I.O*U4+90.Q*U3+15.O*

IU2)/ 126.0
R3t4Uou( ~pQR4+135.O*R3,1I.UU*V~pN(1 1/256.OS*43.UIU4-b4.0*U3+27.*0*
1U2)/12S.0
II4MHu(6O.J*ýA4+135.0*U3+4(J.0*U2+U1 )/256.0+S*(-15.0*~U4490.O*DU3+15.
10*DU21/128 *W
U3#4HUI1Z.Q*U4+135.O*U3+1O6*0UUZ+UI/256.O+*(-3.0*UU4-54.0ODU3+271.

10OD~J2)/ 126.0
R~aftIMH
R29R3

U1mU3MH
a I 'J2wU3

U3aU4MH
DHSPQ*(RD/R1)**I I.O*Gi __ __

CALL ACCEL(R19U1,OU19PH)

?Hzr'~O*(RO/R3)**( 3.0*G)
CALL ACCELIRI.U3.DU3.PH)
LuL*1
1F(L.4.iT*10JWRITgf6v75)

75 FOR'IAT(59H THE PROCESS IS NOT CONVER~GING Q~UICKLY ENOUGH AT SOME ST

C CALCULATIOf4 OF F114AL VAtUES __________

210 Y!2C59*UP-5/ZO
500O YYf ,19)*05+9.*0(RP5-D5I/ia.,O

YY(1,'.ImPO*(RO/YY(I,1I))**13.Q*G)

JF(IIGT*999100 TO I ______________

* ~C RELOCATE CERTAIN QJUANTITIES FOR THL NEXT STEP OF THE INTLGHATION
C4nCa
D4&D5
UP4& UP S
R P48 PP5
R~sP2
R2sR3
R3sR4____________ __

R4*YY(Io1,
!UlxU2
U2uU3

UtsfY(192i

DU1uDU2
DU2'DU3

7 'No 9 J1*Il

1IIZ.oO*U)LOCL**2))
XKa(CL**2/Y**2)WCL*YY(J,1)**2*YY(.J.2I*(I1.-YY(J2i)**Z/l2.0@(.L**2l)

1-CL*#2*YYIJ,1 ,,Y*4 1.0-YY(J.2 I#CL)

1)**2*(Y/CLIO*4'/I2.OOSTF**'.OCL**2))I UU(J)uY/ICL*STF2)+XK/ICL*STF2**2i*lY/CL)**2*(1.-Y/(CLO*2*STF2J
1 ,(XK/CL)**2*Ey/CLI**'./1Z.*STF2**4*CL4*2))
uOu(JJ
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YY(J.5)UOL*(Y/STF-U**2/290)+DL/(2.O*CL**2)*(Y/STF-U**4/29OI**2
luuJ ( J)

TAU2(J)uXX(J)+(STF2-YY(J,1))/L *Y(J2*YJl)(LSF)
TAU(J)uTAU(J)*190E3
IF(TAU(J3.LT.TAU(J-1)) 1118J
TAU2(J)uTAU2(J)*1000.

9 XX(J)aXX(J)*1.0E3
WRITE(6il6)HROPOGBENDLi4LFSTF.STF2

16 FORMAT(1H1/////////1OX,42HGILMORES SECOND ORDE-R APPR-OXIMATION FOR
1__ A qF6.O 12H FOOT WATER //11X.21HDEPTII IMPLOSION OF A 9FS.1.3?I4 IN
ZCH RADIUS & .. LL TO A //.~~RSUEO~*b23HPT*r-Tr
3H A GAS WHOSE GAMMA VALUE 1S PF6*3//9X*36Hbo No AND DENSITY OF THlE
4 LIQUID ARE 9F8.O.5Hi PSI ,F-6*395H AND //9X9E1O.4932H LdS-SEC**2/IN
5**4 RESPECTIVELY. ,14HSTANDUFFS ARE 9F6.298H IN ANU PF692#3H IN)

IF(111*GT*OI WRITL(6918)TA U(111)
18 FORMAT(IH ////////lQX972H NON-UNIUUE-VALUES APPEAR FOR STANUUFF TI,

IMES IN REGION PRECEIDING TSTFlooFS-5910H MILLISECS
WRITE(6,11l)(XX(J),YY(J,1hoYY4J.2).YY(J,3),YY(J,4?,TPU(J),YY(J.5).
IU(J).,TAU2(J),YYY(J),ULJ(JI.JalI)

11 FORMAT(123H1 TIME RADIUS WALL VEL ACCEL WALL PRES
1 T STF1 P STFI U STF1 T STF2 P STF2 U ST
2c2 /35H VALUES IN MILLIFECSP IPS, AND PSI@
9 I/II/(1XF94k6,F8o5.El3.5,E13.5,9 1Z.5,F1I.6,E12.4.E1Z.4.
3 F1O*69EIZ.4vE1Z.4/J)

C IF THIS PROGRAM IS BEING REPRODUCED AND USED ON A C-OMPUTER FACILITY
C OTHER THAN THAT AT NeSeRseaCe i.LIMINATE ALL LARDS BETW~tN THIS CARL)
C AND THE NEXT COMMENT CARD WHICHI kEADS - ND UF PLUTTIN6 KOUTINE-

DATA ACALE/§HLINEAR/

CALLSPAC;E(XX(IloARDX) ___

DXuZ.O*DX
Y2MAXuYYI 1.21
Y2M!N=YY( 1.2)
Y4M.%X=YY( 1.4)
Y5MAXuyy( 1.5)
YSMIN=YY( 1.p51
UMAVtUU( )
UMI~sU ( 1)
DO 30 Nwl9I
YY(N93 1.0(N)
IFfYY(No2ZhLT*Y2MAX)G0 TO 91
Y2MAXuYYf NLZ)

81 IFtYY(N.2)*GT.Y2MIN)GO TO 82
Y2MI N*YY( N*2

82 IF(YYIN94)*LT.Y4MAX)G?5 TO 83
Y4MAXnYY(N#4)

83 IF(YY(No5).LT*Y5MAX)GO TO 84
Y5MA.XmYY(Nq5) ______

84 lF(YY(N95 I .T*Y5MIN)ciOTO850
YSMIN*YY(No5)

85U IFUYYY(NJ*LT*Y5MAX)GOT0V35-
YSK'AA.YYYINI

Y5MINUVYYYINI O6

85IF(U(141GT*UMAX)GO TO 567
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87 IF(UU(N).LT.UMAX) GOTO 88
UMAX=DuIJN)___ _______

88 IF4UU(N)*GT*UMIN) GOTO 80
UMI!I3UUUJL...

80 CONTINUE
CALL SPACEIROYT*DY)

1(6) iBTITLE(7) ,BTJTLEf8)____
76 FCR1 AT (I1OA6 )
.DATA(TTlL(M)NU1.5)IS6HTIME 1.AHN MSEC23*6t1

DO,70Na1 .5

DAT.'ý(TITLE(Il),Ja1.25)/6I1RAL)1US,6HIN' IN 93*6H 96HVELUCI*
16HTY IN 96HINCHES96Ht PEk 56.HLCUNU. o6hWALL Pv6Hk(LbSUIR6HE IN Pt
26HSI 96H4 96HEULER196HAN VLL96H1OCITY 96HIN IP5,6H
36H0VFRPRs6I4ESSURE*6kH INi PS.6H1 __jLb~t _

D071 MIw1.5
71 TITLEV(MI)-TITILEtMI)

CALL GPLQT(SCALE,1, IOXLAftOeQYTDX.DY)
CALL SPACE(Y2MAXIYTtDYT)
Y2MINm-Y2MIN
CALL SPACE(Y2MIN*YBDYB)

DYuAMAX1 (DYB9DYT)
DO?? MI=195

72 TITLEV(Ml)sTITLE(II)
CALL GPL4)T(SCALE.Z, IOXLXiYbYTDoUdY)___
CALL SPACE I Y4MAX,,YT .OY)
D073 MIu1.5
IISMX+1O

73 TITLEV(Ml)aTITLE(IIIJ
CALL GPL05T(SCALE.4,I.OXLXIRO.QYTDX.DY)
CALL SPACL(UMAX9,VTIYT)________
UMINs-UMIt4
CALL SPACE(UMIN*YBo0Y8)

')YsAMAXl (DYB.DYT) ___

DO 55 14.1,
YY(t4,31uU(M)

55 XX(149*TAU(N)
AwAMAX1(TAU(I)* TAU2(I)

CALL SPACE(A*XR*OX)
- nk&2.g*fll

CALI GPLO~tSCALE.3. ti..LXHY15,YT.DA.9DY)

9 YYIN*3IuUU(N)
1!'5 XXI'l)UTAUZ(N)

CALL GPLOT(SCALE,3, I.ZXLAk.YB.YJL)A.DY)
CALL SPAiCE(YSMAX97T*DYT)

DYsAMAXi (DY8*DYT)

196 NXXIM~TAtJ(N)
0>077 mis1.s
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I IXMI+20
77 TITLEV4MI)wTITLE(I1) ____ _____ __

CALL GPLUT(SCALL,5, j,1,XL.XHYk~,YT.OAVY)-
D056N=1, _____ ___

YY(N,5 )*YYY(N) -_____ ____ -

56 XX "N)=TAU2(Ni
CALL GPLOT(SCALL,5. I,2.XL.XIHYBYT.L)XDY)

C END OF PLOTTING ROUTINE
130 TO 22

999 5~TQP______ ____

:ND

SUBROUTINE ACCEL(RtUtDU#P)
COMMON/AC/CL9PL9DL ,d#ENsG9PUvRU_____ ___

C-CL*((P+8)/(PL+Bfl**((EN-1.g)/(2.O*EN))
HaM* IPL+f8ii t 1EN1.U*QLJ*(((+)IB)*INqQ~1
DPu-3.u*G*PO*u/R* (RO/R *4( 3.0*6)
DH.DP/Dt*UiPL+R)/IP+Bi)**(1.O/ENI

RETUJRN
END

SJIBFTC SPACES NODECK*SDD______ ___________

SUBROUTINE SPACE(END)PTvXR*VX)
JF(~tdDPT.LL.1.OE-3)QO 10 6d
X ID4ALOGIO( ENDPT*10U0.O )-3.0
IF(XIDoGEo.O0O~6O TO 114 ____________________
IDwX 10-1.0
00 To_61 ____________________

114 IDwXID
IF(fO.6Ev.1)GO TO 366

61 IXRuENOPT*10*O**(1I03D
- XRaIXR+1 ______

XR.XR/1O.0**( 1-JO)

0X' XR/20
DXuDX/1O.O**t 1-IDi
GO TO III

GO TO Ill
366 IXRBENopT/Tlu.o*-(iD-1)_____

XRuIXR+1
XRSXR*1O. C,.. ID-1)_____
IF(IXR*LEo2U)60 TO 136
DX.-I XR/2Q ___ _____ ______ ____

DX=DX*1O.Oe*(lO-l)
G~oT10 1 ill_____ __

136 DX&l.O*10.0**1ID-1J
'30 TO ill

68 WRITE16967)
- 61 9ORMATI1H1///1OX946H THL LNUPOINT 1b TUU SMALL eUKTH IS bUdH(vT1hL

1)
Ill RETURN ____ ___ ____

E ND
SIBLOR HOLLY HOLLOCJOC,
SIBLOR PLOTV PLOIT000
SIBLDR VCHARV VCHAQO000
SIBLOR TABLIO 10/10/65' TAULOwJV
SIBLOR RITE20 ____ __________ ___

91OLDA APnNTV 6/15,/65' APMNUULUt
SIBLOR APL.OTV 100/5APLUOOUO
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SIUL)I 4PLOT O.# O0#C UPI.UU%6Q

For each bubble collapse, information must be read in on data cards

in tho following wuy:

Card 1

Cols 1-12 collapse depth in feet of water, P12.5

Cols 13-24 initial sphere radius in inches, P12,5

Cols 25-36 initial internal gas pressure in psi P12.S

Cols 37-48 the specific heat ratio Y for the gu F12.$
inside the sphere,

Cols 49-60 #1 standoff in inches, P12.5

Cols 61-72 #2 standoff in inches F1215

Cols 73-80 the value of n, the exponent in the equation of
state for the adiabatic compression of the F 8.5
liquid

Card 2

Cols 1-15 the value nf B in psi, a constant in the equation
of state for the adiabatic compression of the E15.5
liquid,

Cols 16-30 the density of the liquid in lb-sec2 /in at
ElS.S

standard temperature and pressure,

Cols 31-45 the sound speed in the liquid in in/sec at 215.S
Atandard temperature and pressure.

Card 3 contains graph labels. Tf the program is not being used

at NSRDC, then this card must not be included in the data.

Card 3

Cols 1-48 Main graph title for all graphs.

Two blank cards in succession stop the computer. Each case requires no

more than 3 minutes running ime.
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